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Abstract. In this paper, we study the existence and uniqueness of solutions for several 
classes of stochastic evolution equations with non-Lipschitz coefficients, that is, back- 
ward stochastic evolution equations, stochastic Volterra type evolution equations and 
stochastic functional evolution equations. In particular, the results can be used to treat 
a large class of quasi-linear stochastic equations, which includes the reaction diffusion 
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^ ■ 1. Introduction 

H : 

Let O be a bounded open subset of M. d . Consider the following stochastic porous 
medium equation with Dirichlet boundary condition: 

du t = \w t \ ■ A(\u t \ p ~ 2 u t )dt + dw t , 

Ut (x)=0, xedO,t>0 (1) 

where p ^ 2, A is the usual Laplace operator, and {w t ,t ^ 0} is a one dimensional 
standard Brownian motion. This is a degenerate non-linear stochastic partial differential 
equation. Notice that the degeneracy may be caused by w t = and u t = 0. In the 
deterministic case, it is well known that porous medium equations can be written as 
abstract monotone operator equations(cf. [34.J [29]). Thus, in the stochastic case, it can 
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fall into a class of stochastic evolution equations studied by Krylov-Rozovskii [T7] . More 
discussions about the stochastic porous medium equation are referred to [8] [26] [23] . 
On the other hand, let us consider the following stochastic reaction diffusion equation: 

du t = \w t \ ■ (Aut - M p ~ 2 • u t )dt + a/K| ■ u t dw t , 
ut(x) = 0, xedO,t>0 (2) 
u = <peL 2 (O), 

where p ^ 2. Usually, one wants to find an adapted process u such that for almost all w 
u.(w) G L 2 ([0,T],ff Q 1 (O))nL p ([0 ) T] x O) nC([0,T],L 2 (O)), 

and (j2J) holds in the generalized sense, where H^(0) is the usual Sobolev space. 

However, from the well known results, it seems that one cannot solve Eq. ([1]) and Eq. (j2j) 
because of the presence of \wt\ in front of the Laplace operator. One of the main purposes 
in this paper is to extend the well known results in [17] [11] so that we can solve Eq.flT]) 
and Eq.pj) in the generalized sense for almost all path w t . 

In the present paper, we shall work on the framework of evolution triple. This is crucial 
for treating a wide class of quasi-linear stochastic partial differential equations(including 
reaction diffusion equations and porous medium equations). We now recall some well- 
known results in this direction. In [20J |21j . Pardoux considered linear stochastic partial 
differential equations(SPDEs) using the monotonicity method. In [T7J, basing on their 
established Ito's formula, Krylov and Rozovskii proved a more general result under some 
monotonicity or dissipative conditions. This classic work was later extended in several 
aspects: to stochastic evolution equations(SEEs) driven by general (discontinuous) mar- 
tingales in [10], to SEEs with coercivity constants depending on t in [TT], to SEEs related 
to some Orlicz spaces in [2B]. All these works are based on Galerkin's approximation. 
It should be remarked that the semigroup method is another main tool in the theory of 
semi-linear SPDEs (cf. [H] [H] [Z] [IS] [13] [22] [36]etc). In order to solve Eq.(pQ), we need 
to deal with SEEs with random coercivity coefficients. This is our first goal, and will 
be done in Section 3 after some preliminaries of Section 2. Here, some stopping times 
techniques will be used. 

The second aim is to prove the existence and uniqueness of solutions to backward 
stochastic evolution equations. Since Pardoux and Peng in [22] proved the existence and 
uniqueness of solutions to nonlinear backward stochastic differential equations(BSDEs), 
the theory of BSDEs has already been developed extensively. It is well known that BSDEs 
can be applied to the studies of stochastic controls, mathematics finances, deterministic 
PDEs, etc.. Meanwhile, backward SPDEs have also been studied in [TJ] [22] etc.. In these 
works, the authors mainly concentrated on semilinear BSPDEs. The second aim in this 
paper is to prove the existence and uniqueness of solutions to BSEEs with non-Lipschitz 
coefficients in the framework of evolution triple. Thus, it can be used to deal with a large 
class of quasi linear BSPDE. We remark that Mao in [TS] has already studied the BSDEs 
with non-Lipschitz coefficients, and the authors in [I] also investigated the BSDEs with 
monotone and arbitrary growth coefficients. This is the content of Section 4. 

The third aim is to study the stochastic functional integral evolution equations with 
non-Lipschitz coefficients, which in particular includes a class of stochastic Volterra type 
evolution equations. Stochastic Volterra equations driven by Brownian motion were first 
studied by Berger-Mizel [3]. Later, Protter [23] proved the existence and uniqueness of 
stochastic Volterra equations driven by general semimartingales. Recently, Wang in [32] 
studied the the existence and uniqueness of stochastic Volterra equations with singular 
kernels and non-Lipschitz coefficients. About the stochastic functional differential equa- 
tions, Mohammend's book [19j is one of the main references. In |30j, using the evolution 
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semigroup approach, the authors studied the existence, uniqueness and asymptotic behav- 
ior of mild solutions to stochastic semilinear functional differential equations in Hilbert 
spaces. In our proof of Section 5, the main tool is the usual Picard iteration. As above, 
the results in Section 5 can be also used to deal with a class of quasi linear stochastic 
functional partial differential equations. 

Lastly, in Section 6 we shall present two applications for our abstract results: stochas- 
tic porous medium equations and stochastic reaction diffusion equations. In particular, 
Eq. ([T]) and Eq. fl2]) will be two special cases. It is worthy to say that the two examples given 
in Section 6 have stochastic non-linear second order terms. Moreover, we may also con- 
sider the corresponding backward and functional stochastic partial differential equations 
with a slight modification. 

2. Framework and Preliminaries 

In this section we present a general setting in which we can deal with a large class of 
non-linear stochastic partial differential equations, and also recall the powerful Ito formula 
and a nonlinear Gronwall type inequality (Bihari's inequality) for treating non-Lipschitz 
equations. 

Let X be a reflexive and separable Banach space, which is densely injected in a separable 
Hilbert space HI. Identifying HI with its dual we get 

X C H ~ i* C X*, 

where the star '*' denotes the dual spaces. 
Assume that the norm in X is given by 

IMIx := + IMkx, x e X. 

Denote by X i; i = 1,2 the completions of X with respect to the norms || • H^x =: 1 1 ■ ||x r 
Then X = Xi fl X 2 . Let us also assume that both spaces are reflexive and embedded in 
HI. Thus, we get two triples: 

Xi c h ~ e* c x*, x 2 cH-ffc x;. 

Noticing that X^ and X2 can be thought as subspaces of X*, one may define a Banach 
space Y := X* + X* C X* as follows: / € Y if and only if / = fx + f 2 , ft G X*, i = 1, 2 
and the norm of / is defined by 

||/|| Y = inf (H/ilbq + H/allxs). 

J=Jl+J2 

In the following, the dual pairs of (X, X*) and (Xj,X*),z = 1,2 are denoted respectively 
by 

[v]x, [vk, * = 1,2. 
Then, for anyiGXand/ = /i + / 2 GYc X*, 

[x,f]x = [X,fl]xi + [X,f2]x 2 - 

We remark that if / e HI and x G X, then 

[x, f]x = [x, /]xi = [x, /]x 2 = (x, f) m , 

where (•, -) m stands for the inner product in H. 

Let (O, J 7 , (J-t)t^a, P) be a complete separable filtration probability space, and Q a 
nonnegative definite and symmetric bounded linear operator on another Hilbert space U. 
A cylindrical Q- Wiener process {W(t),t ^ 0} defined on (fl,J-, P) is given and assumed 
to be adapted to {J-t)t^o{ci. [9]). In the following we shall only consider the case of Q = I 
for simplicity. Let L 2 (U, H) denote the Hilbert space consisting of all the Hilbert-Schmidt 

3 



operators from U to H, where the norm is denoted by || ■ ||l 2 (u,h)) an d the inner product 
by (•, •, )l 2 (u,h)- 

Fix T > 0. Let M. be the total of progressively measurable subsets of [0, T] x Q. The 
following Ito formula is taken from Gyongy-Krylov [T2] . 

Theorem 2.1. Let Xq be an To-measurable M-valued random variable. Let 

Yi : [0, T] x n -> X* G M/B(X*), i = 1, 2, 

and M an H-va/ited continuous locally square integrable martingale starting form zero. Let 
Ai, A2 be two M/B(M.) -measurable real valued processes such that for (dt x dP) -almost all 
(t, uj), \\{t, uj), A 2 (t, uj) > 0. Assume that for some q 1 ,q 2 > 1 and for almost all uj, 

\(;uj)eL 1 ([0,T},dt), Y i (-,u)-X^(;u)eL^([0,T],dt;X*), 1 = 1,2. 
Define an X* -valued process by 

X(t) :=X + [ Y 1 (s)ds+ [ Y 2 (s)ds + M(t). 
Jo Jo 

If there exists a (dt x dP) -version X of X such that for almost all uj, 

X(; u) ■ \f (-, uj) G L*([0, T], dt; X,), z = 1, 2, 
£/jen /or almost all uj, 

(i) [0, T] 3 t 1 — X(t,uj) GH is continuous; 

(ii) for allte [0,T] 

\\X(t,oj)\\ 2 m = \\X (oj)\\ 2 m + 2 [\x(s,uj),(Y l + Y 2 )(s,oj)Uds 



-2 / (X(s),dM( S )) H H + (M)(t, W ) 




where ( • ) denotes the quadratic variation of M-valued martingale. 
Proof. Set N t (t) : = f*\?(s)ds and f;(t) := Y^t) ■ \«(s),i= 1,2. Then 
X(t)=X + / Yi(s)d^a(s)+ / F 2 (s)dX 2 ( s ) + M(t). 



By the assumptions and Holder's inequality, we have for almost all uj, 

Yi(.,u) G ^([O^dN^X*), i = 1,2, 

Moreover, by Holder's inequality we have for % = 1, 2 and almost all a; 

T ||f i (t,a;)||x r ||X(t,a;)||x i diV i (t) 

T \\Y i (t,u)\W t \^(t).\\X(t,u)\\ Xi \f (t)dt 



T q . 



n- 1 

9»— 1 \ H- 1 



T 



\\X(t,u)\\lMt)dt\ <+oo. 



<?1 



Thus, we can prove this Theorem along the same lines as in the proof of [T2"l Theorem 2] 
(see also pi] [28] [23]). We omit the details. □ 

We now recall the following Bihari inequality (cf. |4J). A multi-parameter version with 
jump was proved in [38] . 

Lemma 2.2. Let p : IR + — > IR + be a continuous and non-decreasing function. Let g(s) 
and A(s) be two strictly positive functions on IR + such that for some g > 

9(t)<go+ [ X(s) ■ p(g(s))ds, t^o. 
Jo 

If A is locally integrable, then 

g(£)^G- x (G(g ) + j\(s)ds S j, 

where G(x) := f* o -j^dy is well defined for some xo > 0, and G" 1 is the inverse function 
ofG. 

In particular, if g = and for some e > 

re l 

-dx = +oo, (3) 



p{x) 



then g(t) = 0. 



Remark 2.3. The typical concave functions satisfying (T3|) are given by Pk(x), k 
1,2,.. - , 



-J "5 



(a;) := J c o • ^ • n ,=i log 7 ^_ > * < *7 m 

\ C • T] ■ Wj =1 log- 7 77 1 + C • p' k {j]-) ■ (X - 7/), X > 77, 

where log- 7 x -1 := log log • • Togx" 1 and Cq > 0, < 77 < l/e fc . 

In the sequel, we use the following convention: Co, Ci, • • • will denote positive constants 
whose values may change in different occasions. Moreover, the following Young inequality 
will be used frequently: Let a, b > and a, (5 > 1 satisfying - + ~ = 1, then for any e > 

For simplicity of notations, we also write 

21 : = ([0, T] x fi, B([0, T] ) x JF, dt x dP) 

and 

2t a : = ([o,T] x n,M,dt x dP). 
We now introduce three evolution operators used in the present paper: 

Ai : [0, T] x n x Xi -> X* G jM x /3(X i )/^(X*), i = 1, 2, 
B:[0,T]xOxX^L 2 (U,i) G M x6(X)/6(i 2 (U,i)). 
In the following, for the sake of simplicity, we write 

A = A 1 + A 2 G Y C X*. 

Assume that 

(HI) (Hemicontinuity) For any (t,u) G [0,T] x f2 and x,y,z G X, the mapping 

[0, 1] 9 e i-> [x, A(t, w, y + ez)]x 

is continuous. 
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(H2) (Weak monotonicity) There exists ^ A G such that for all x,y G X and 

(t,uj) G [0,T] x tt 

2[x-y, A(t, w, x) - A(t, u, y)] x + \\B(t, u, x) - B(t, w, y) \\ 2 L%{v>n) 

< Ao(t,w) ■ Ik-ylln- 

(H3) (Weak coercivity) There exist qi, q 2 ^ 2, c\ > and positive functions Ai, A 2 , A 3 , £ G 
L^Sl) satisfying that for almost all (t,u) 

< A (t, u) < ci • (Ai(t, w) A A 2 (t, w)) (6) 

and 

(t.wjH^t.wj.e^^^Ei 1 ^), i = 1,2, (7) 
where Ao is same as in (H2), and such that for all x G X and (t, u) G [0, T] x Q 
2[x, A(t, u, x)] x + \\B(t, uj, x) \\l 2m 

^ -J2 ( x i( f ^) ■ Ml) + x ^ u ) ■ \\ x \\m+ ^^)- 

i=l,2 

(H4) (Boundedness) There exist c Ai > and ^ 7ft G L 9 !- 1 (21), i = 1,2 such that for all 
x G X and (t, u) G [0, T] x * 

j_ 

||Ai(t,u;,a;)||x* < 7ft • Af (t,u) + c Ai ■ \{t,oo) ■ ||x||x~\ i = 1,2, 

where gi and g 2 are same as in (H3). 
In order to emphasize Aj,£ and (ft, 7^ below, we shall say that 

(A, B) satisfies JF(\ , Ai, A 2 , A 3 , £, 771, 772, <7i, 92)- 

If there are no special declarations, we always suppose that <ft ^ 2,ci,c J 4 j > 0, 7ft G 

L'i-^Sl), z = 1,2 and A i; £ G L (21), z = 0,1,2,3 are strictly positive functions, and 
(ED-© hold. 

Remark 2.4. (H3), (H4) and Young's inequality |3]] ; it follows that for any x G X 
and G [0,T] x ft 

||-B(rj,a;,x)||i 2(UiH) ^2^ [c Ai ■ \(t, u) ■ \\x\\%, + 7ft(t, u) ■ X- 1 (t, u) ■ ||x|| Xi ) 

i=l,2 

+X 3 (t,uj) ■ \\x\\n + £(t,u) 

i=l,2 

+A 3 (t,u;) ■ + 

where cb > 1 otz/t/ depends on c Ai and q^, i = 1, 2. 

The following lemma is well known(cf. [T7]). 

Lemma 2.5. Le£ (A, 0) satisfy Jf(0, Ai, A 2 , A3, £, 771, 772, gi, g 2 ), otic? ^ r ^ T a bounded 
random variable. Let X and Yi(i = 1,2) be respectively X and H*-valued measurable 
processes with 

l[o,r](0 • Ap • X G L^- 1 (2l; X,), l [0>r] (.) • G L\?l; X*), 7 = 1, 2. 
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Assume that for any X-valued measurable process $ satisfying 
it holds 

E ( jf [X(s) - - A(s, $(s))] x dsj < 0, (8) 

w/iere F = y + Y 2 G Y C X*. 

T/ien y(t, cj) = lu, X(t, u)) for almost all (t, oS) G {(t,u) : t G [0, r(a?)]}. 

Proof. For any e G (0, 1) and X- valued bounded measurable process 0, letting $ = X — e<f> 
in (jHJ) and dividing both sides by e, we get 

eQT [0(s),y(s)-A(s,X(s)-e0(s))] x dsJ ^0. 

By (H4) and the assumptions, we have 

l [ o,.](-)-(lin-)lk+ sup \\A(-,X(-) — e<f)(-))\\xA G I/ 1 (2t). 

V £6(0,1) 7 

Hence, by (HI) and the dominated convergence theorem 

Eljf [4>(s),Y(s) - A(s,X(s))] x ds^ <0. 

By changing to — </> and the arbitrariness of <f), we conclude that y = A(-,X). □ 

The following lemma is simple and will be used in Section 4. A short proof is provided 
here for the reader's convenience. 

Lemma 2.6. Let (S,S) be a measurable space. Let X : IR d x S — > M d be a measurable 
field. Assume that for every s G S , IR d 3 x i— > X(x, s) G IR d a homeomorphism. Then, 
the inverse (x,s) i— > X _1 (x, s) zs a/so a measurable field, i.e.: for each x G M d , •) 
is S / B(Jst d ) -measurable. 

Proof. Fix x G R d . It suffices to prove that for any bounded open set U C M d 

Si := {s : X _1 (x, s) £ [/} 6 5, (9) 

where U denotes the closure of U in IR d . 

Let Q be the set of rational points in M d . Then 

S 1 = Hf =1 U yeQnU {s : \\X(y, s) - x\\ M a < 1/k} =: S 2 . (10) 

In fact, if s G Si, then there is a y G C/ such that x = X(y,s). Since {7 is open 
and X(-,s) is continuous, there exists a sequence y n E U H Q such that y n y and 
X{y n ,s) — > X(y,s) = x. So, s G 5*2. On the other hand, if s G 5*2, then there is a 
sequence y n E U HQ such that lim^oo ||X(y n , s) — x\\ R d = 0, and so y n — > X _1 (x, s) G U. 
© now follows from (HTJ). □ 
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3. Stochastic Evolution Equations in Banach Spaces 
In this section, we consider the following stochastic evolution equation: 

dX(t) = A(t, X(t))dt + B(t, X(t))dW(t), , v 

x(o) = x eu, [ } 

where (A, B) satisfies J$?(\ , Ai, A 2 , A 3 , £, rji, r] 2 , q±, q-z). Here and after, one should keep in 
mind that A = A 1 + A 2 G Y C X*, where A 1 G X*, A 2 G X*. 
Set 

;i2) 



H(t,uj) : = / \ 3 (s,Lu)ds, 
Jo 



and define 

e t (u) := inf{s G [0,T] : if(s,c;) > *}■ 

Then t i— > ^ are continuous stopping times, and #t j T as i j oo. Here, inf{0} = T by 
convention. 

Set for each m G N 

^(df xdw) := l {t<Mw)} (df xdP), 
and define completed measurable spaces 

Wl m := ([0,T] x Sl,B([0,T\) x 

and 

9Jir:=([0,T]xfi,A^) Mm . 
We introduce the following stochastic Banach spaces for later use: for each m G N 





= L^(9JT,A~^ 


T (t,cu) -//"(dt x dcu);X*), i 


K£ 


= L q ^m m ,\ t (t,u) 


•/i m (dt x du);Xi), i = l,2, 


K£» 


= L 2 (97l™,/i m (dt x 


dcu);L 2 (U,H)), 




= L 2 (Tl m ,i2 m (dt x 


dw);H), 




= L 2 (97l m ,A 3 (t,o;) 


•/i m (dt x dw);H), 



where the norms are defined in a natural manner, and denoted by 
for the above spaces. For instance, 



where K stands 



I XI 



2,i 



E 



|X(0|g l -A i (0dt 



1,2. 



Remark 3.1. // A3 is non-random, then for some m sufficiently large, 6 rn = T. In t/izs 
case, we shall omit the superscript 'm' ofK m . 

We need the following lemma. 

Lemma 3.2. (i) K™ j: i,j = 1,2 and K™,K™ : K™ are separable and reflexive Banach 
spaces. 

(ii) For any Y G we have E ^ ffj m \\Y(t) 1 1 x * dt j ^ c • ||^||k™ , where i = 1 or 2. 
(raj Lei {Y n ,n G N} weakly converge to Y in K™ i; £/zen /or any X G 



lim E 

n^oo 



where i = 1 or 2. 



[X(*),Y n (0] Xi d* =E 



[X(t),F(t)] Xi dt , 



(iv) Let {X n , n G N} weakly converge to X in then for any Y G K™ 

M | [X n (t),F(t)] Xi dtJ =E | [X(t),F(t)] Xi dtJ , 

where i = 1 or 2. Moreover, if {X n ,n G N} a/so weakly converges to X in Kg 1 , i/ien 
X(t, w) = X(t, a;) /or /j, m -almost all (t, uj) . 

(v) Define a linear operator from Kg 1 to K™ as 

/••A0 m 

j(G) := / G(s)d^(s), (13) 

i/ien J is a continuous linear operator. In particular, J is continuous with respect 
to the weak topologies. 

Proof, (i). It follows from the separabilities and reflexivities of Xj,X*,i = 1,2, and 
H,L 2 (U,H). 

(ii). By Holder's inequality we have 

J o \\Y(t)h t dt) = E^jf ||y(t)|| x *A 2 - 1/ft (t)-A^(t)dt 



<: \\Y\h™(J o E(A,(t))d^ 



fiii). It follows from 



X(-) ■ Af" (•) e ^(^A, ^(t,^) -/i m (dt x dw);X<) C (K™)*. 
(iv). The first conclusion follows from 

Y() ■ \-\-) G L^(WT,Xi(t,u) -fx m (dt x du;);X*) C (K™)*. 

As for the second conclusion, by the well known Banach-Saks-Kakutani theorem, there 
exists a subsequence of X n (still denoted by X n ) such that its Cesaro means X n strongly 
converges to X and X in K^ and respectively. Therefore, there is a subsequence X nk 
such that for /x m -almost all (t,u), X nk (t,u) — > X(i, o>) in X, and X nk (t,u) — ► X(t, u;) in 
H. Since X is continuously and densely embedded in HI, we have X(t,u) = X(t,u) for 
//"-almost all (t,u). 



fv). It follows from 



»iA0 m 

G(s)d^(s) 



df 



Jo Jo 

E | l|G( S )||i 2(UiH) d S Jdt 
< T\\G\\l T . 

The proof is complete. □ 

Definition 3.3. An M-valued continuous Ft- adapted process X(t,u) is called a solution 
of Eg. ( pip if for almost all uj G f2, 

X(-,u;) G n i=1 , 2 L^([0,T],A i (-,^)dt;X ?; ) 
9 



and for all t G [0, T] 

X(t,u) = X (lo) + [ A(s,uj,X(s,uj))ds+ [ B(s,X(s))dW(s)(uj), 
Jo Jo 

where the first integral is understood as an X* -valued Bochner integral. 

Remark 3.4. Note that 

-t pt pt 

A(s,u, X(s,cu))ds = / Ai(s, lu, X(s, u))ds + / A 2 (s, lu, X(s, u))ds. 
Jo Jo 

Since X is M./B(M) -measurable, l^X) ■ X is M. / B(Xj) -measurable by [T7J Lemma 2.1] 
for i = 1, 2. The above integrals are meaningful. 

We have the following estimates for the solutions of Eq. fllll) . 

Theorem 3.5. Assume that (H1)-(H4) hold and X G L 2 (fi, F , P; H). Let X(t) be any 
solution of Eq. (Tl\) in the sense of Definition \3. 3[ Then, we have for any m G N 

n\x{e m )\\i+ J2 w x wtk< + ^ Cm (n\xo\\u+ J Q T m(s))ds 

and 

E( snp \\X(t)\\U +\\X^ T + \\B(.,X(-))\\l T +^\\M;X' 



8i"l 



te[o,6„ 



i=l,2 



^ c m (E\\X \\ 2 m + E^)+/ 1 (s) + / 1 (^^ 1 

where c m only depends on m, T and c^, q^, i = 1,2. 
Proof. By Ito's formula (Theorem 12. ip and (H3), we have 
II^WIIe-ll^ollH-M(t) 

= / (2[X(s),A( S ,X( S ))] x +\\B(s,X( S ))\\i 2{VM) )ds 
Jo 

< jf E ( A ^ s ) • II^OOII*) + V«) • 11*00111 + A*, 
where M(t) is a continuous local martingale given by 



M(t) :=2 / <X(a),S( a ,X(a))dW( S )> H . 



For any i? > 0, define the stopping time 



r/j := inf jt G [0,T] : ||X(t)|| H ^ i?, jf \{s) ■ \\X{s)\\%ds > R,i = 1,2 J 



(15) 



Then, by Definition 13.31 r fi | T 81. S. clS i? | OO. 

By Remark [2.41 and the change of clock(cf. [27]), we know that {M(9 t A r R ),t ^ 0} is 
a continuous .^-martingale. Indeed, this follows from 

r0thT R 

(M(9.Ar R ))(t) < 4 / \\X(s)\\ 2 m -\\B(s,X(s))\\l 2{v>m) ds < Cfl . 
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So, replacing t by 9 t A r fi in CHI) and taking expectations for both sides of (TH1) . we obtain 



E\\X(e t Ar R )\\ 2 m -E\\X \\ 2 m +J2 E ( / A l ( S )-||X( S )||| i d S 

i=l,2 WO 

< E I (Ab(s)- 11^)111 + ew)dsj 

= E I ||X( a )|||dH( a )J+Efy £( S )d S J 

< E QT \\X(s A 7*) ||£dff (a)) + £ E(e(a))da 

E||X(6/ a ArH)|||ds+ / E(£(s))ds, 

where -H"(s) is defined by ( fl2|) . and in the last step we have used the variable substitution 
formula. 

Hence, by Gronwall's inequality we have for any t ^ 

E\\X(9 t A tr)\\1 ^ e* U\\X \\ 2 m + y T E(C( S ))d^ . 
Letting R — > oo, by Fatou's lemma we obtain that for any m G N 
E\\X{6 m )\\l ^ e m (e\\X \\ 2 m + J\(£(s))ds 

as well as 

jf A i (5)-||X(5)||| i d S j+E^ A 3 (5)-||X(5)||^d5 

*C c m (E\\X \\ 2 m + J\(t(s))ds 



(16) 



which gives the first estimate. 

From (fl4l) . by Burkholder's inequality and Young's inequality (jHJ) we further have 

E( sup ||X(f)|&) -E||Jf ||| 
ye[o,e m ] J 

< E^ m (A3( S )-||X( s )||^ + ^))d^ 

+cbEf jf W*)IIh' P(«.*(*))llL(u«<k) 

< T E(£(s))ds + E ( f m A 3 (s) ■ || Jf (a) ||^d S X 



Hence 



+^E f sup \\X{t)\\U +c E ( /*" ||fl(s,X(a))||L(u*)d«) . 
1 \te[o,e m ] J \Jo J 



E| sup ||X(t)||^| ^ c m (E||X ||^+ / E(£(a))da 
,te[o,e m ] 
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+coE(/ \\B(s,X(s))\\ 2 L2iVim) dsj. 

The second estimate now follows from (H4), Remark 12.41 and f|T6|) . □ 

We now prove our main result in this section. 

Theorem 3.6. Assume that (A,B) satisfies J$?(\ , A 1; A 2 , A 3 , £, rji, 772, q%, q?)- Then for 
any X G L 2 (Q, P; EI), there exists a unique solution to Eg. 07]) in the sense of Defi- 
nition Iff. 31 

Proof. (Uniqueness) 

Let Xi and X 2 be two solutions of Eg. (II II) in the sense of Definition 13.31 For t ^ 0, 
define 



A:=inf|sG[0,T]:^ A (r)dr ^ tj , 



and for i? > and 2 = 1, 2, let rjj be defined as in (TTBT) corresponding to Xj. For t G (0, T), 
set := A r|, A to- By Ito's formula (Theorem 12 . 1 j) . as in the proof of Theorem 13.51 we 
have 

eikjcx-^jcaat*)!!! 

= e\J ^[^(^-^(s),^,^^))-^,^^))^ 
+ ||5(5,X 1 ( S ))- J B( S ,X 2 ( S ))||| 2(u , H) )d S 



< El / \\X 1 (s)-X 2 (s)\\ 2 m -X (s)ds 







Using Gronwall's inequality yields that for any £ ^ and i? > 

E||(X 1 -X 2 )(^ATj)||g| = 0. 

Letting R, t — > oo, and by Fatou's lemma we get 

ElK^Tx- A" 2 )(to)||i = 0. 

The uniqueness is then obtained. 

(Existence) We divide the proof into five steps. 
(Step 1) 

First of all, let us reduce (H1)-(H4) to the case of Ao = 0. Let X be a solution of 
Eq.flnp. Set 

7(t,w) := e ^o Ao(s ' w)ds 
X(t,w) := i~ l {t,u) -X{t,u) 

Ai{t,uj,x) := 7 (t,uj) • Ai{t,uj,j{t,uj)x) , % = 1,2, 

B(t,uj,x) := 7 _1 (t, cj) • 5(t, tu, 7(t, u;)x). 

12 



Noticing that 7 $C 1, we have 

2[x,A(t,x)] x +\\B(t,x)\\ 2 L2m 

< 7~ 2 (*) ( - E x ^ ■ ^ (*) • 11*18. + A ^) ■ ■ NIh + I + A (t) • N|j 

V i=l,2 / 

< - E ( A * (*) • ^" 2 (*) • IWB.) + (^W + A °W) • IMIh + £(*), 

i=l,2 

On the other hand, by (EI) and Young's inequality (j5J) and gi, g 2 ^ 2, we have for i — 1, 2 



„ , ,, ,., A (t) ■ ||x| 



< 1 - L (t).\\A l (t n (t)x)h* + 

< 7 " 1 (t) (^(t) ■ + c^t*- 1 ^) • Ht) ■ \\x\\l~ l ) + c A 4 (t) ■ ||a;|k 

< Lit) + c x^(t)\ $'*{t) + {c Al ^-\t) + c ) Ai(t) • ikiiir 1 

< L(f) + coA^(t)^ ( 7 9 - 2 (t) ■ A,(*)) 1/ft + co7 9i - 2 (t) • A,(f) ■ INH7 1 . 



Thus, (A, B) satisfies (0, Ai, A 2 , A 3 + A , £, 771, fj 2 , qi, q?) with 

Xi(t) := Xi(t) -e^^^ds e i = l,2, 

fji{t) := rjiit) + c A~ V (t) G L^(2t), z = l,2. 
Moreover, it holds that 

dX(t) = i(t, X(t))dt + S(t, X(t))dW(t), X(0) = X(0). 
It is easy to see that 

X(-,u) G n i=li2 L^([0,T],A i (-,cu)dt; X,) 

is equivalent to 

G n i= i j2 L*([0,T],Ai(-,a;)dt;X i ). 
So, we may assume that Ao = in the following proof. 
(Step 2) 

We now use Galerkin's approximation to prove the existence of solutions. 
Let {ej,iGN}cXbea normal orthogonal basis of H. Set 

n 

U n x := y^[ej, x] x • e*, 16 X*. 

i=l 

Then, the mapping Il n : X* — ■> X is linear and continuous, and satisfy 

n 

n n x = (e*, x) H • e i5 2 G H 
i=i 

and 

[II n x, y] x = [II n y, x] x , x, y G X*. 

We also fix a normal orthogonal basis {/1, / 2 , • • ■ } of U. Let Wj(t) := (W(t), fj) v for 
j G N. Consider the following Ito type stochastic ordinary differential equation in R n : 

dx;(t) =b%x n (t))dt + j: i ; =1 a i j (t,x n (t))dw j (t), 

X^(0) = (X ,e l ) M , i = l,-- ■■ 
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where b l (t,x) := [ei,A(t,x ■ e)]%, and crj(t, x) := (ei,B(t,x ■ e)(fj)) m - Here, x G M™ and 

En i 
i=l Xe i- 

The coefficients satisfy the following conditions by (H1)-(H4): 

(i) b and a are M x £(M n )/£(M n ) and A4 x B(R n )/B(L 2 (R n , M n ))-measurable respec- 
tively and continuous in x. 

(ii) For any (t, u) G [0, T] x £7 and x,y E K" 

2(x -y,b(t,u,x) -b(t,u,y)) Rn + ||cx(t,^,x) - a(t, w, 2/)||i 2 ( R n,R™) < 0. 

(iii) For any (t, w) G [0, T] x Q and x G M n 

2(x,b(t,u,x)) Mn + \W(t,u,x)\\l 2(nn ^ n) < A 3 (t,w) • ||a;|||„ + f(t,u;). 

(iv) For any (t, u) G [0, T] x and ac G M n 

i=l,2 

By the well-known result (cf. [E]), there exists a unique continuous ^-adapted solution 
denoted by X l n {t) to Eq. ffTTl) . Moreover, if we let X n (t) := YH=i -^n(*) e «' then we can 
write Eq. ffTTl) as 



x n (t) = n„x + rn n A(s,x n ( s ))ds+ rn n 5( s ,x n ( s ))n n dW( s ), (is) 

JO Jo 

where U n is the projection on span{/i, ■ ■ • , f n } in U. 
Noticing that 

\\U n B(s,X n (s))U n \\ L2m ^ ||S(s,X n (s))|| I/2 ( U)H ), 

and using the same method as in the proof of Theorem 13.51 by (H4) and Remark 12. 4[ we 
have for all n G N 

E||X„(0 m )||g + ||X n ||j|m + ||X n ||^m + \\B(', X n ^ 



+ (il^llS™ + 



n 



i=l,2 



92 



< c m (^E||x iu + y o Efe(s)+^r"(s)+ % 92 - i ( s ) jdsj <+oo, 

where c m > is independent of n, and m G N is fixed in the next two steps. 
(Step 3) 

By the reflexivities of Banach spaces K m , one may find a common subsequence n k 
(denoted by k for simplicity) and X m G K™ n K™ 2 , X m G K™ fl Kg 1 , G IK™-, i = 1, 2, 
Z m G K™ and X™ G L 2 (fi, JS m , P; H) such' that as Jfe -»• 00 

X fc -> X m weakly in and K™ 2 , (19) 
X k -> X m weakly in and K™, (20) 
A(-,X fc )=:r M -> weakly in K™, i = l,2, (21) 

S(-,X fc )n fc =: Z k -> Z m weakly in K™, (22) 
X fe (# m ) - X™ weakly in L 2 (fi,^ m , P; M). (23) 

Clearly, X m , X m , Y™, Y™ and Z m are M -measurable. First of all, by (iv) of Lemma 
we have 

X m (t,oo) = X m (t,uj), for //"-almost all (t,w). 
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Secondly, define 

°tA8 m rtA0 



X m (t):=X + (Y™(s)+Y 2 m (s))ds + Z m (s)dW(s), (24) 

Jo Jo 

then t f— > X m (t, cj) is continuous in EI a.s. and (cf. 



E I sup ||X m (t)||^ ) < +00. 
\te[o,0„ 

Moreover, we also have 

X m (t, uo) = X m (t, uj) for /i m -almost all (t, u). (25) 

Indeed, let ((t) be any H-valued bounded and measurable process on (ft, J 7 , P). By (1T81) 
we have for any k ^ n 

em (n„c(t),x fe (t)) e dtj = Efy (n n c(t),n fc x ) H dt) 

J J [n n C(t), Y kjl (s) + Y k , 2 (s)} x dsdt 

(rO m 
j (Tl n ((t),J(Z k )(t)} m dt 

where J is defined by ( 1T31) . and we have used that 

(n n c(t), j(n fc z fc )(t)) H = (iU(*),n fc j(z fc )(t)> H = (n„c(t), J(z k )(t)) B . 

Taking limits for k — > 00, and by Fubini's theorem, (1201) (l2Tj) (1221) and (iii), (v) of Lemma 
13.21 we obtain 

y (n n c(t),x™(t)> H dtJ = e(j( (n„,c(t),x m (t)) e dtj. 

Letting n — > 00 then shows (1231) by the arbitrariness of £. Using the same method, by 
(ED (1221) and ([23]) we also have 



X m (fl m (c/), u) = X™{lo) for P-almost all u E O. (26) 

In the following we shall not distinguish X m , X m and X m . 

(Step 4) 

Our task in this step is to show by the standard monotone argument that for /i m -almost 
all (t,u) G [0,T] x Q 

(A 1 + A 2 )(t,uj,X m (t,u J )) = (Y? + Y™)(t,u;)=:Y m (t,u;), 
B(t,tu,X m (t,uj)) = Z m (t,co). 
By Ito's formula and (H2)(with A = 0), from (TTg]) we have for any $GlyH K^ 2 n K™ 
||X fc (0 m )||^-||n fc X o |||-2M(0 m ) 



^2[x fe ( s ),A( s ,x fc ( s ))] x + ||n feJ B( s ,x fc ( s ))n fe ||i 2(Uie) J ds 

< / (2[X k (s) J A(s,X k (s))} x + \\B(s } X k (sml 2( vM)) ds 
Jo 

< y m (2[X,( S ), $(s))] x + 2[$(s), X,(s)) - $(s))] x 
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-||S( S ,$( S ))||i 2(U)H) + 2(S( S ,X fc ( S )), J B( S ,$( S ))) L2(u>H) jd S , (27) 
where M(t) is a continuous martingale defined by 



rtA9 m 

M(t):= / (X fe ( S ), J B(s,X fc ( S ))n fc dW( S )) I 
Jo 



Since $ 6 n n K™, we have £(•,$(•)) G K™ by Remark EH Firstly taking 
expectations for (127]) . and then taking limits for — ■> oo, we find by (Tl9|) (I2~T|) (1221) and 
(iii) (iv) of Lemma 13.21 that 

]imm£E\\X k (6 m )\\l-E\\X \\l 

k— HXS 

< E ( jf *" (2[X m ( S ), A(s, $(s))] x + 2[$(s), F m ( S ) - A(s, *(a))] x 



-115(5, $( S ))||i 2(u ,e) + 2(Z m (s), B(s, Hs))) L2{VM) )ds 
On the other hand, from fl2ll) . noting that by Ito's formula again 

E\\X m (9 m )\\ 2 m - E\\X \g = E Qf " (2[X m ( S ), F m (*)]x + ||^ m (*) ll! 2 (u, H) ) da) , 



and by ([23]) and flU 
we finally arrive at 



E\\X m (6 m )\\ 2 m ^ liminf E\\X k (9 m )\g, 

fc— >oo 

E (J 2[X m (s) - $(s), F m (s) - $(s))] x ds 

+E (jj \\B(s, *{s)) - ^ m ( S )||i 2(u , H) d^ < 0. 

Letting $ = X m in the above inequality, we obtain that Z m = B(-,X m ). By Lemma [2.51 
we also have Y m = A(-,X m ). 
(Step 5) 

For m ^ /, since 6 m {uj) ^ Oiiyj) a.s., both X m (-,u) and X'(-,(x>) solve the following 
equation 

dX(t) = A(t,X(t))l {t ^ l} dt + B(t,X(t))l {tm} dW(s), X(0)=X . 

The uniqueness of solutions gives that for almost all uo 

X m (t,u) = X l {t,u), t^6i(u). 

Thus, noting that 9 m (u) j T a.s. as m j oo, we may define a continuous jF r adapted 
H- valued process for all t e (0, T) by 

x{t,u) ■= x m {t,u) nt<e m {uj), 

Clearly, it is a solution of Eq. (llll) in the sense of Definition l3.3l The proof is complete. □ 

Remark 3.7. Since qi,q 2 ^ 2 is only used in Step 1, if Xo = 0, Theorem \3.b\ still holds 
for any q 1 ,q 2 > 1. 
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4. Backward Stochastic Evolution Equations 

In this section, we consider the following type of backward stochastic evolution equation: 

/ dX(t) = -A(t, X(t))dt - C(t, X(t), Z(t))dt + Z(t)dW(t), ( 
\ X(T) = x T e T T /B{W), [Z ^ ) 

where 

Ai : [0, T] x VI x Xj -> X* G M x B(X i )/B(X*), i = 1,2, 
C:[0,T]xnxixL 2 (U,I)^i G .M x B(B) x B(L 2 (U, H))/£(H). 

We assume that 

(HB1) X T G L 2 (Q, JF T , P; H) and (A, 0) satisfies (Ao, Ai, A2, A3, £, 971, 772, q\, q-z), where 
Aj, i = 0,1,2,3 are positive constants, g« ^ 2, < £ G -^(Sl) and 



J \Vi(s) + V2{s)\ 2 dsj < +00. 



(HB2) There exist a ci > and an increasing concave function p satisfying ([3]) such that 
for all (t, uj) G [0, T\ x Q, x, x' G H and z, z' G L 2 (U, M) 

\\C(t,u,x,z) - C^^x'^OIIh < c i (p(II^-^IIh) + \\ z - z '\\l 2 {v,m)) ■ 

(HB3) There exist a c 2 > and a < ( G L 2 (2l) such that for all (t,cu) G [0,T] x ft, 
i6landzeL 2 (U,H) 

||C7(t,w,a;,*)||H ^ C(*><*0 + c 2 + IM|l 2 (u,h)) • 



Recalling Remark 13. 1[ we give the following definition. 

Definition 4.1. A pair of measurable ^-adapted processes (X, Z) is called a solution of 
Eq.$® if 

(1) X G K 2 ,i HK 2i2 HK 4 and Z G K 3 , X(0) G L 2 (Vt, JF , P; H). 
(mJ For almost all uj, t o>) zs continuous in H and X(T) = X? a.s.. 

(Hi) (X, Z) satisfies that in X* , for almost all uj and all t G [0, T] 

X(t)=X r + / A(s,X(s))ds+ / C{s,X(s),Z(s))ds- [ Z(s)dW(s). 



As in Step 1 of Theorem 13.61 let j(t) := e Ao< / 2 and define 



(X(t,uj),Z(t,uj)) 
Ai(t,uj,x) 
C(t, uj, x, z) 



^{t)-X{t,oj)Mt)-Z(t,oj)), 

7 (t) • Ai(t, uj, 7 _1 (t) • x) - A • x/2, i = 1,2, 



Then we can assume Ao = in (HB1) in the following. 
We have the following uniqueness result. 

Theorem 4.2. Assume that (HB1), (HB2) and (HB3) hold. Let (X,Z) and (X,Z) be 
two solutions of Eg. with the same terminal values X?. Then for (dt x dP)-almost 
all (t,uj) G [0,T] x Q 

X{t, uj) = X{t, uj), Z{t, uj) = Z{t, uj). 
n 



Proof. Set Y{t) := X{t) - X{t). By Ito's formula (Theorem EI]), we have 

= 2 J [Y{s),A(s,X{s))-A{s,X(s))] x ds 

+2 J (Y{s), C(s, X{s), Z{s)) - C(s, X{s), Z(s))) m ds 

" T {Y(s),(Z(s)-Z(s))dW(s)) m . 
Taking expectations, by (H2)(with Ao = 0), (HB2) and Young's inequality (jSJ) we have 

^ c E ( f \\Y(s)\U U\\Y{s)\\l) + \\Z{s) - Z(s)\\l 2{VM) ) 1/2 ds 



^ co^ r E||r( s )||^d s + i^ T Ep(||r( s )||^)d s 

+ ^j\\\Z{s)~Z{s)\\ 2 L2{vm ds. 
Hence, by Jensen's inequality 

eiw*)Hh + \ [n\z{s) - z( S )\\i iVM) ds 

^ c j\\\Y(s)\\ids + ±J%(E\\Y(s)\\l)ds. 

The uniqueness follows from Lemma 12.21 □ 

The following finite dimensional result was proved in [I]. For completeness, we give a 
different proof by Yosida's approximation. 

Lemma 4.3. Assume that X = B. = X* = U = R d and C = 0, and {A, 0) satisfies 
J%?(0, Ai, 0, A3, £, T], 0, q, 0), where Ai, A 3 are positive constants, q ^ 2, < £ G and 

q/2 



TTien /or any Xt G jF r , P; R d ), i/iere exzsis a unique solution to Eg. Uttfy in the 

sense of Definition J^.l\ Moreover, 

E ( sup \\X(t)\\*?J +E QT \\Z{s)\\l^ dm d^j 1 

q/2 

(29) 



< c -E||Y T ||^ + c -E^ \v(s)\ 2 ds 



where Cq only depends on q, T and Ai . 
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Proof. For every (t,u) G [0,T] x Q, note that x i— ► a>, x) is a continuous monotone 
function on M d . Let A £ (t, a;, •),£ > be the Yosida approximation of A(t,u, •), i.e.: 

A e (t, u,x) : = £ _1 ( J e (£, cu, x) — x) = A(t, u>, J e (t, ui, x)), 
J e (t,u,x) := (I -eA(t,u,-))-\x), 

then x I— > J £ (t,u,x) is a homeomorphism on IR d for each (t, a;) and for any x, y G R d (cf. 
0) 

(I) (x - y, A £ (t, w, x) - A £ (t, u, y)) Rd ^ 0, 
(II) \\A £ (t,u,x) - A £ (t,u,y)\\ Rd ^ £- l \\x - y\\^d, 

(III) \\A £ (t,uj,x)\\ Rd ^ \\A(t,uj,x)\\ Rd , 

(IV) lim ei0 \\A £ (t, u, x) - A(t, u, x) || Rd = 0. 

By Lemma [2761 J £ and A £ are progressively measurable. From (I), (III) and (H4), we 
have for any x G M. d 

i 

(x, A £ (t,a;,x)) Kd ^ ||x|| Rd • \\A(t,u,0)\\ Rd ^ T](t,u)) ■ \l ■ \\x\\ Rd . (30) 

Let (X £ , Z e ) be the unique JT r adapted solution of the following backward stochastic dif- 
ferential equation(cf. [22] ) 



X £ (t) = X T + J A £ (s,X £ (s))ds- J Z £ (s)dW(s). (31) 
By Ito's formula, we have 

\\X e (t)\\h + J \\ Z e(s)\\l 2{R , Md) ds 

= \\X T \g d + 2 ^ (X £ (s), A £ (s, X £ (s))) Rd ds 

-2 j\x £ (s),Z £ (s)dW(s)) Rd (32) 



and further 



eVMli* + / e s ||X £ ( S )||^ + ||Z £ ( S )||i 2(W) jd S 



= e T \\X T \\l d + 2 £ e s (X £ (s),A £ (s,X £ (s))) Rd ds 

-2 J e s (X £ (s),Z £ (s)dW(s)) Rd 
< e T ||X T ||2 d + ^ T e s ||X £ ( S )||2 d d S + c J e s \r)(s)\ 2 ds 

-2 e s (X £ ( S ), Z £ ( S )d^( S )) Rd , (33) 

where the second step is due to ( 1301) and Young's inequality (JSJ). 

Taking conditional expectations for both sides of (133]) with respect to J-f, we find 

e<||X £ (t)|| Rd ^ e T E^||X T || Rd + C{) -E^y" T e s |^( S )| 2 d5 

^ e T E^||X r || 2 d + c -e T -E^ / |^(s)| 2 ds. 



Hence, by Doob's maximal inequality (cf. [2TJ ) , we have for q > 2 



E | sup ||X £ 
te[o,T] 



^c -E||X T ||« + c -E 



\ 2 ds) 



y/2 



Hereafter cq only depends on q, T and Ai. 

Noting that by BDG's inequality and Young's inequality ([S]) 



E 



< c E 



T 



9/2 



e*(X £ ( S ),Z £ ( S )dH/( S )) ff 
V||X £ ( S )||^|Z £ ( S )|| 2 



^ds 



9/4 



< c E( sup ||X e (*)||*, 
te[o,T] 



Ik 

2 



x 9/2 
) dS j > 



we also have from (133 



E 



IWIIm 



ds^ < Co • E||X T ||* d + c • E Qf |r?(s)| 2 d^ 



9/2 



For q = 2, from ( 133]) and the above proof, it is easy to see that 



E I sup ||X £ 

te[o,T] 



MZJs 



eK°J\\L 2 ( 



As 



<: c -E||X T || 2 d + c -E f \r](s)\ 2 ds. 

Jo 



Moreover, by (III), (H4) and (JS 



T 



\\A(s,X £ (s))\\^ds 



^ c ^ \\X e {s)\\^ d ds + coJ E^A(s))ds 



Therefore, there exists a subsequence e n j and (X, Y, Z, X ) such that 

X £n — > X weakly in K 2> i, 

A £n (-,X en (-)) - Y weakly in Kx,!, 

Z £n — > Z weakly in K 3 , 

X £n (0) -> X weakly in L 2 (fi,^o,^;K d ) 



as n -> oo. By (JSD and ([35]), we get (j29]h 
Set 

X{t):=X T + J Y(s)ds-J Z(s)dW{s). 
By taking weak limits for (j3Tj) . we deduce that X(0) = Xq a.s. and 



X(t,u;) = X(t,u) for almost all (t,w) G [0,T] x ft. 
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It remains to show that Y(s) = A(s,X(s)). For any $ G K 2j i, by (III) (IV) and the 
dominated convergence theorem we have 



lim E ( I (X £n (s) - d>(s), A £n (s, $(*)) - A(s, ®(s))) Kd ds 

< hm $(■)) - • II*- " *IU*(«)) = 0. (36) 

On the other hand, we have by (1321) 

2hminf E QT (X £n ( S ), A £ „(s, X £ „( S ))) Rd d^ (37) 
> E||X || Rd -E||X T || Rd + / E||Z(5)|| 2 i2(R£i)Rd) d S 

JO 

= 2eQT (X(s),Y(s))) Rd d S y 
Combining (|36|) and (137|) . we have by (I) 

E (X(s) - $( S ), Y(s) - A(s, $(s)))) Kd d^ 

^ liminfE(^ < 0, 

which implies that Y = A(-,X) by Lemma [2.51 The proof is complete. □ 
Remark 4.4. When q > 2, it suffices to require that 

e( [ \rj(s)\ds] < +oo. 



In fact, taking conditional expectations for both sides of [3ty with respect to T t , and by 
[3fy) and Young's inequality (TJJ) we find for any 5 > 

\\X e {t)\\h < E^\\X T \\ 2 Rd + qE^ \\X £ (s)\\ Rd ■ V (s) • Af da 

^ E^\\X T \\l d + 6-E^ ( snp ||X £ ( S )||J 

\se[o,T] 

+c s -E :Ft (J \v{s)\ds^J . 
Hence, by Doob 's maximal inequality we have for q > 2 

E[ sup \\X E (t)\\ Md ) ^ c -E\\X T \\l d + 5-c q -E[ sup \\X £ (s) 

\t£[0,T] I \se[0,T} 



+c 5 -E(J \v(s)\ds 
Letting 5 be sufficiently small, we get 

E[ sup ||X £ (t)||^j ^ c -EWXtWI, +c q -e( [ T \ V (s)\ds) 
\te[o,T] J \Jo J 

where Co only depends on q, Ai and T. 
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We now prove the following infinite dimensional version. 

Lemma 4.5. Assume that C(-,x,z) = C(-) G L 2 (2t a ;H) is independent of x and z, and 
(HB1) holds. Then there exists a unique solution to Eq.ftg^) in the sense of Definition 

Proof. We use Galerkin's approximation to prove the existence as in the proof of Theorem 
13.61 For n G N, let (X n , Z n ) solve the following finite dimensional backward stochastic 
differential equation (Lemma 14. 3[) 

X n {t)=X%+ I U n A(s,X n (s))ds + [ C n (s)ds- I Z n (s)fl n dW{s), 



where U n and U n are same as in Theorem 13.61 and 

X? := n„X T • l{||n n x T || H ^ n .} 
C n (s) := U n C(s) ■ l{||n„c(s)|| H sCn}- 
It is easy to see that for each n and s 

II^tIIh^ ||At||h, ||0»(a)|| H < ||C(s)|| h 

and 

\im E\\X% - X T \\l = 0, (38) 



n— >oo 



lim / E||C n (s)-C(s)|||ds = 0. 



(39) 



By Ito's formula and (H3), we have 

E\\X n {t)\\ 2 n + J n\Z n (s)\\ 2 L2m ds (40) 

= E\\XZ\\ 2 m + £ E[X n (s),A(s,X n (s))} x ds + 2 J E(X n (s),C n (s)) m ds 

^ E\\X T \\ 2 m + [ T E(2as) + \\C(s)\\ 2 u )ds 
Jo 

+ [ Te [- E A * • IW S )HI + ( A 3 + 1) • ||X n ( S )||^ ds. (41) 
By Gronwall's inequality we have 

E\\X n (t)\\ 2 m < c (E||X T ||^ + y T E(£( S ) + ||C(a)|||)d^ • 
Hence, from (j4"T|) and (H4) we get 

E\\X n (0)\\m+ ||^n||| 4 + II^wIIks + (ll^ilSa.i + ll^(''^n)ll]Ki, i 1 j ^ C 0- 

i=l,2 

Hereafter, the constant Cq is independent of n. 

By the reflexivities of Banach spaces K, one may find a subsequence (denoted by k 
for simplicity) and X G K^i PI H K4, Yi G IK^j, i — 1,2 and Z G 1K 3 such that 

Xfc — > X weakly in K2,i,K2,2 and K4, 

Aj(-,X fe ) =: F fc)i -> Fj weakly in K lti , i = 1,2, 

Zk ^ Z weakly in 1K 3 , 
22 



X fc (0) -> X weakly in L 2 {Q, F Q , P; H). 
Define y = Y 1 + y 2 eYcX* and 

X(t):=X T + y Y(s)ds + £ C{s)ds-J Z{s)dW{s). 

Then, similar to Step 3 of Theorem 13.61 one may prove that 

X{t,u) = X(t,u) for (dt x dP)-almost all 
X(0) = X a.s.. 

We now show that 

A(t, X(t, w)) = Y(t, u) for (dt x dP)-almost all (t, u). (42) 

By gOD and (H2)(with A = 0), we have for any $ E K 2 



nx k (0)\\n+ / E||Z fc ( S )||i 2(U)H) d S 
Jo 

^ E\\X*\\ 2 m + 2 [ E[$(s),A(s,X k (s))-A(s,$(s))] x ds 
Jo 

+2 f E[X k (s),A(s,^(s))] x ds + 2 [ E(X k (s),C k (s)) m ds. 
Jo Jo 

Taking limits for k — > oo, we find by ( 1381) ( 1391) 

liminfE||X fc (0)||^ + liminf / T E||Z fe (s) ||! 2(u>H) ds 

tC — ^OO K — ^OO J q 

^ E||X r ||^ + 2 / E[$(s),Y(s) - A(s,$(s))] x da 
jo 

+2/ E[X(s),A(s,$(s))] x ds + 2 / E(X( S ),C( S )) e d S . 
Jo Jo 



On the other hand, noting that 



E||Xo|||+ / E||Z(a)|| 

JO 

E||Xr||| + 2/ E[X( s ),F( S )] x d S + 2 / E(X(s), C(s)) H d5 
Jo Jo 



and 



E||X ||| < liminfE||X fe (0)|| 



k— >oo 



E||^(s)||! 2(u>H) d S < liminf / E||Z fc ( S )||| a(DiH) d S , 



we obtain 



/ E[X(s) - - $(s))]xds < 0. 

JO 

Hence Y = A(-,X) by Lemma [2.51 The proof is complete. □ 

Lemma 4.6. Assume that C(t,x,z) = C(t,z) is independent of x, and (HB1) ; (HB2) 
and (HB3) hold. Then there exists a unique solution to Eg. (2lfy in the sense of Definition 
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Proof. Let Z (t) = 0. We consider the following Picard iteration: for nGN, let (X n , Z n ) 
solve the following equation(Lemma 14. 5ft : 

X n (t)=X T + £ A(s,X n (s))ds + J C(s,Z n ^(s))ds- J Z n (s)dW(s). 

Set Y n (t) := X n+ i(t)-X n (t). By Ito's formula, (H2)(with A = 0), (HB2) and Young's 
inequality, we have 

|2 



eiik(*)IIh+ y E||z„ +1 ( s )-z„( s )nt 2(UjH) d S 

E[Y n (s), A(s, X n+1 (s)) - A(s, X n (s))} x ds 



r-T 

+ / E(Y n (s), C(s, Z n (s)) — C(s, Z n _i(s))) H ds 



e a4 / E||y n ( a )|||d a +e Qt / E||Z n+1 ( S )-Z n ( S )||i 2(u>H) d S 



^ c £ E||Y n ( S )|||d5 + iy ll^-^^H^^ds. (43) 

Hence, for a := c 
d 

~dt 

< V/ " Zn ^ — ^-i(«)lli 2 (u,M) ds = : 

Integrating both sides from to T yields that 

E\\Y n (s)\\lds+ [ g n+1 (t)dt^l [ g n (t)dt^^- f gi {t)dt=:£. 



'o jo 
It then follows from (l4~3i) that 

r-T 1 r T 



2 n / 2 " 



^ E\\Z n+1 (s) - Z n (s)\\ 2 L2m ds <^ + \J o m z n(s) - Z n _i(s)||£ 2(u>H) ds. 



'0 ^ ^ JO 

Iterating this inequality gives 

E||Z n+1 (s) - Z n (s)\\l 2{VM) ds < — . 

Therefore, there exist an I G K 4 and a Z G K 3 such that 

lim ||X n - X||k 4 = and lim \\Z n - Z||k 3 = 0. 

n— »oo n— >oo 

From (1430 and the above estimates, we also have 



sup sup E||X n (t)||| < +oo. (44) 

neN t£[0,T] 

We now show that there exists a version (X, Z) of (X, Z) such that (X, Z) is a so- 
lution to Eq. (128p in the sense of Definition 14.11 In fact, let (X,Z) solve the following 
equation(Lemma 14. 51) : 

X(t)=X T + j A(s,X(s))ds + J C{s,Z(s))ds- J Z(s)dW(s). 
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It is similar to estimate (H31) that 



E||X n (t) - X(t)f B + j\\\Z n {s) - Z(s)\\l 2{v>m) ds 



T \ rT 



^ co J nx n {a) - X{a)\\^ + - J \\Z n ^{s) - Z(s)\\l 2m ds. 
Letting g(t) := limsup^^ E||X n (t) — X(t)||g, by (jUJ) and Fatou's lemma, we have 

g{t) < cq J g{s)ds. 

which yields that g(t) =0 by Gronwall's inequality. The proof is complete. □ 

We now prove our main result in this section. 

Theorem 4.7. Assume that (HB1) ; (HB2) and (HB3) hold. Then there exists a unique 
solution to Eg. ( TJ^p in the sense of Definition \4-l\ 

Proof. Let Xo(t) = 0. We consider the following Picard iteration: for n e N, let (X n , Z n ) 
solve the following equation(Lemma I4.6[) 

X n {t)=X T + J A(s,X n (s))ds + J C{s,X n ^{s),Z n {s))ds- J Z n {s)dW{s). 
First of all, by Ito's formula, (H2)(with Ao = 0), (HB3) and Young's inequality, we have 

nx n (t)\\ 2 m +J E||z n ( S )ni 2(D)H) d5 

= E\\X T \\ 2 R + 2^ E[X n ( S ),A(s,X n (s))} x ds 

+2 J E(X n (s), C{s, X n ^(s), Z n {s)))) B ds 
^ E\\X T \g + 2 J\ (X 3 \\X n (s)\\ 2 m + £(*)) ds 

+2 J E(||X„( S )||e(c(s) + c 2 (||X n _ 1 ( S )||e+||^(s)|| L2(UiH) )))d S 
^ E\\X T \\l + c £ E (^ S ) + C 2 (s))ds + c J E\\X n (s)\\*ds 



So 



+±J E(||X B _ 1 («)|||+||Z B ( a )||i 9(D|B) )da. 

E\\Xn(t)\\m + J E\\Z n (s)\\l mm) ds 
< c + c ^ (E\\X n {s)\\ 2 m + E\\X n _ 1 {s)\\ 2 m )ds, (45) 



where Co is independent of n. 
Set 



g n (t) := max E\\X k 
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Then 



9n{t) ^ c + c J g n (s)ds, 

which gives that by Gronwall's inequality 

max sup E||Xfc(t)||^ ^ max sup g n (t) < +00. (46) 
fceN te[o,T] 1 neN te[o,T] 

Set Y n , m (t) '■= X n (t)—X m (t) and G n , m (t) := Z n (s)—Z m (s). By Ito's formula, (H2)(with 
Ao = 0) and (HB2), we have 

e||^(*)||h + J MGnAs)\\UvM) ds 

= 2 J E[Y n>m (s),A(s,X n {s))-A(s,X m (s))} x ds 

+2 J E(Y n>m (s), C(s, X n ^(s), Z n {s)) - C{s, X m ^(s), Z m (s))) m ds 
^ c E M|y„, m (s)|| H (p(||F n _i im _i(s)|||) + \\G ntm (s)\\ 2 L2ivm y J ds. 



Using the same method as in estimating (|45j) . we have 

rp 

E\\Y n>m {t)\\ 2 B + J E||G n)m (s)||£ 2(UjH) ds 
^ c J E\\Y n , m (s)\\ 2 m ds + c J Ep(||y n _i,,^i(s)|||)d5. 

Set 

g(t) := limsupE||y r 



a. in \ ' 

n,m—> 00 



By (146]) . Fatou's lemma and Jensen's inequality, we have 

g{t)^c £ (g(s) + p(g(s)))ds. 

So, by Lemma 12721 

</(*) = 0, te[o,T\. 

Hence 



limsup / (E||y niTO (s)||| +E||G nim (s)||^ 2(U)H) ) ds = 0, 

n,m—>oa Jo 

and there exist an X e K 4 and aZeI 3 such that 

lim \\X n - X|| K4 = and lim \\Z n - Z\\ K3 = 0. 

n— >oo n— >oo 

Using the same method as in the proof of Lemma 14.61 we can show that (X, Z) solves 
Eq. fl28l) . The proof is thus complete. □ 

Remark 4.8. In finite dimensional case, under rather weak assumptions on C , the au- 
thors pQ proved the existence and uniqueness of Eg. ( fj^ ). It is interesting that the growth 
of C in x therein can be arbitrary (not necessary polynomial growth). We remark that 
in our equation, the operator A may contain a polynomial growth part in x. However, it 
seems to be difficult to extend A or C to be arbitrary growth in x when we use the cutoff 
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technique as in [I], because A is a non-linear operator and we need to take weak limits 
in L p -space. On the other hand, if C is polynomial growth in HI with respect to x, it will 
exclude the interesting case that C is a Nemytskii operator. For example, let </?(r) = — \r\r, 
it is not true that L 2 (0, 1)9ih <p(x) G L 2 (0, 1), but, L 4 (0, 1) 3 x i-> ip(x) G L 2 (0, 1). 

5. Stochastic Functional Integral Evolution Equations 

Fix S > 0. For any T ^ 0, let Fg(H) denote the space of all continuous functions from 
[— S, T] to H, which is a separable Banach space under the supremum norm 

||/|| f t:= sup \\f(s)\\ m . 

s£[-S,T] 

For s G [— S, 0], define T s := Tq. Suppose that X : [—S,T] x O i is a continuous 
Tt- adapted process, we can associate it with another continuous F^(EI)-valued and Tt- 
adapted process as follows: 

[0, T] x Q 3 (t, u) i — ► X t (;w) := X(t + -,w)e f£(H). 

In the following, we shall use the following notations: 

||X(0)|| F * := sup ||X s (0)|| e = sup \\X(s)\\ m =: ||X|| F *. 

se[o,t] se[o,t] 

Consider the following stochastic functional integral evolution equation: 

/*i /*i /*i (* s 

X t (0) = X (0)+ / A(s,X s (0))ds + I C 1 (s,X s )ds + \ \ C 2 (s,r,X r )drds 

(47) 



JO JO JO JO 

f*ij ft I* S 

+ / D 1 (s,X s )dW s + / / D 2 (s,r,X r )dW r ds, 
Jo Jo Jo 



where X is an jF -measurable F° (H)-valued random variable and A = A\ + A 2 , 

Ai : [0, T] x Q x Xj -> X*, % = 1, 2, 

Ci : [0,T] x ft x F|(H) -> H, 

C 2 : [0,T] x [0,T] x ft x F°(H) -> H, 

L>! : [0,T] x VL x F°(H) -> L 2 (U,H), 

D 2 : [0,T] x [0,T] x ft x F°(H) -> L 2 (U,H) 

are progressively measurable, for example, for every ^ t ^ T, the mapping (s, lu, x) i— ► 
D 2 (t,s,u,x) isMx £(F£(H))/i3(L 2 (U,H))-measurable. 
We make the following assumptions: 

(HF1) X G L 2 (n, F , P; F° (H)) and (A, 0) satisfies J^(A , A 1; A 2 , A 3 , £, "i, 9i, fe), where 
Aj G L 1 ([0, T]), z = 0,1,2,3 are non-random strictly positive functions, % ^ 2, 

and ^ rji G L^ T (52t), i = 1, 2, and ^ £ G L^St). 
(HF2) There exist a positive real function A3 G L 1 ([0,T]) and an increasing concave 
function p satisfying (jHJ) such that for all (s, a;) G [0, T] x Q and s,jf 6 Fg 

\\Ci(s,u,x) - Ci(s,w,2/)||| ^ A 3 (s) ■ p(\\x -y\\lo s ), 

\\D 1 (s,u,x) -A(s,^,y)||i 2( u,H) < A a(s) -p(||x-y|| 2 o). 

(HF3) There exists a positive real function A5 satisfying t ^ \$(t, s)ds G L 1 ([0,T]) 
such that for all t, s G [0,T],uGO and x, 7/ G Fg 

||C 2 (t, s,cj,x) - C 2 (t, s,^,?/)!! 2 ! < A 5 (t, s) ■ p(\\x - y|| 2 o), 
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\\D 2 (t,8,w,x) - D 2 (t,s,u,y)\\ L2{VM) < \ 5 (t,s) ■ p(\\x-y\\ ¥ o), 

where p is same as in (HF2). 
(HF4) There exist a positive progressively measurable process \$ and a positive real 
function A 7 satisfying JjJ [A 7 (t, s) + EA 6 (t, s)] ds «C c A 2 M (t), and ^ C G ^ 1 (2t) 
such that for all t, s G [0,T],u£fi and iGfj 

l|Ci(s J u',aO||!+ ||-Di(s,w,x)||| a(UjH) < c \i /qi (s) ■ (({s,w) + ||z||£o), 

||C 2 (t,s,u;,x)||H+ ||D 2 (t,s,u;,x)|^ 2(UiH) ^ A 6 (t,s,w) + A 7 (t, s) • ||x||£o, 

where Ai and gi are same as in (HF1). 

Definition 5.1. An M-valued continuous Tt-adapted process X on [— S, T] is called a 
solution of Eq. if 

E (||X||^) + IIX^H^ + ||X(0)||^ 2 < +00, 

and (g?p holds in X* for all t G [0,T] a.s.. 

Theorem 5.2. Under (HF1)-(HF4), there exists a unique solution to Eq.fcffi) in the 
sense of Definition ^. 1\ 

Proof. Let X\ = X (-). One constructs the following iteration sequence X™ for nGN: 

X? +1 (0) = X (0)+ t A(s,X: +1 (0))ds 

Jo 

/*^ /*t /* s 

+ / C 1 (s } X^)ds + / / C 2 (s,r,X?)drds 
Jo Jo Jo 

/*£ ft /* S 

+ / D 1 (s,X%)dW(s)+ / / D 2 (s,r, X?)dW r ds 



where 



jo 



X (0)+ f A n ( Sj X™ +1 (0))ds+ [ B n (s)dW(s) 
Jo Jo 



A n (s,x) 
B n (s) 



A1(s,x) + A 2 (s,x) G Y C X* 
A 1 (s,x) + G n (s)X* 1 , 
D 1 {s,X^) G L 2 (U,H) 



and 



G n (s) :=d(s,X?)+ I* C 2 (s,r,X?)dr+ f D 2 (s,r,X?)dW r . 

Jo Jo 

First of all, we clearly have for any x, y G X and s G [0, T] 

2[z - y, A n (s, x) - A n (s, y)] x ^ \ (s) ■ \\x - y\g. 
Secondly, by (H3) we have for any x G X and s G [0, T] 

2[x,A n (s,x)] x +\\B n (s)\\l 2{VM) 
= 2[x, A(s, x)] x + 2(x, G n (s)) m + WD^s, X?)^^ 

8=1,2 

+ ||G"( S )||^+|| J D 1 ( S ,X s ")||l 2(Uie) . 
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Moreover, by the embedding EI C X* and (H4) we have for any x G X and s G [0, T] 
|K( S) x)|| x * < Pi(^x)||x* + ||G"( S )|| XI 

< m (s) ■ \{ /qi (s) + c Al ■ Ai(s,w) ■ llxll'f 1 + c \\G n (s)\\ m . 
Hence, (A n , B n ) satisfies J^{\ , Ai, A 2 , A 3 + 1, £ n , rft, rj 2 , qi, 92), where 

roo := e(«) + HA(5,^)iii 2(U)H ) + iig^)Hh 

:= r ?1 ( S ) + c -Ar 1/9l ( S )-||G"( S )|| H . 

Noting that by (HF4) 

EIICx^^lll + EUD!^^)!!^ < c \l /qi (s) (EC(s)+E\\X:\\l 



E 



E 



C 2 (s,r,X?)dr 



D 2 (s,r,X?;)dW r 



< ^(^(l + EHX-ll^) 

< coA^( S )(l + E||X«||^) 



we have by q\ ^ 2 and Young's inequality (JSJ) 



^ co-Af- 1 ^)- (l + n\X n \\l 



Therefore, 



/ E£ n (s)ds < co + co [ (X l (s) + l)-E\\XXods, 
Jo Jo s 

ft l-t 

J E ds ^ co + co^ E||X n ||| & d S . 

Thus, by Theorem 13.51 we have 
E(||X." +1 (0)||^) ^ co(e||X (0)||^+ f\ (C(s) + K(s)\^ + \m(s)\^) ds 



< co + cq / (A!(s) + l)E||^||^ds 



(48) 



where cq is independent of n. 

By induction methods and Theorem 13.61 {X™,n G N} are thus well defined. Moreover, 
by Theorem 13.51 we have 



Setting 
we then have by 



11^(0)11^ + ll*"(0)||f 2j2 <c n < +00. 
g n (t):= sup E(\\X k \\ 2 ¥t 

k^n+l v 6 



g n (t) < 2 sup E M|X fc (0)||pt ) +2E||X ||po 

fc^n+1 v 
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ft 

< c + c I (Ai(s) + l)g n (s)ds. 



Applying Gronwall's inequality yields 



supE ( sup \\X?\\lo ) = supE (\\X n \\l T ) < +00. (49) 

neN \te[0,T] S J n6N ^ s ' 



Next, set Z"' m := X? - X™ . By Ito's formula, (H2) and (HF2), we have 

11 ' 7n+1 ' m+1 (0)111 = 2 [\z: +1 ' m+1 {0),A n {s,X: + \0)) -A m {s,X™ +1 {0))} x ds 

Jo 



J t 



+2 [ {Z^ +1 ' m+1 (0) 1 (B n (s) - B m (s))dW(s)} I 
Jo 



+ I \\B n (s) - B m (s)\\l 2{VM) d S 

ft 



where 



= 2/ iZ: +1 ' m+1 (0),A(s,X: +1 (0))-A(s } X™ +1 (0))} x ds 
Jo 

+ / \\D 1 {8 } X?)-D 1 {8,X?)\\l a pnds + y £ i P t 
Jo i=i 

< f Xo(s)-\\Z: +1 ' m+1 (0)\gds 
Jo 

+ f Us)-p{\\Z^ m \\l % )ds + j^Il 

il ■= 2/Vr lira+1 (o),Ci(a s n )-Ci(a;)) I d S 

Jo 

It ■= 2/ (Z: +1 ' m+1 (0), [ S C 2 (s,r,X?)-C 2 (s,r,X™)dr) m ds 
Jo Jo 

If := 2 f (Zr 1 ' m+1 (0),(D 1 (s,X:)-D 1 (s,XT))dW(s)) m 
Jo 



t ps 
n+l,m+l / 



If := 2/ (Zr W (0), / ( J D 2 ( s ,r,X r ")-D 2 ( S ,r,X r m ))diy r ) H d S . 
Jo Jo 

By Burkholder's inequality and Young's inequality ([5]), we have 

E(||/. 3 || n ) ^ CdE ^jT* ll-Zr*- 1 '"^ 1 ^)!^ - H.DiC*,^) - JCDII^cujHjd^) 7 



and 



E(||/. 4 || n ) < [ E\\Z: +1 > m+ \0)\\ 2 m ds+ [ [\ 5 (s,r).Ep(\\Zr% ( Mrds 
Jo Jo Jo 

\ 2 ¥ As + jy P (\\Z n ' m \\ 2 ¥ .) (J\ 5 (s,r)dr^} ds, 



"t 

< I E||Z n+1 ' m+1 
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where we have used that p is increasing and 



cnn \\7 n < m \\ 2 — \\7 n , m \\ 2 
SUp \\Zi r || F o — \\Zj || F3 . 

r£[0,s] S 



Similarly, 

E(\\I% tQ ) <: j\\\Z n+1 ' m+1 (0)\\l s ds + j\ 3 (s) •Ep(||^ m ||^ ) )d S) 

E(||/. 2 || F <) *C £E||^ +1 '- +1 (0)|||gd S + ^Ep(||^||^) (J\ 5 (s,r)dr^ds. 
Combining the above calculations, we obtain 

E||Z n+1 - m+1 (0)|| F , < 2 r(Ao(s) + 3)-E||Z" +1 ' m+1 (0)||^d S 

J 

+c ^ < A 8 ( S )-E(p(||^ m || Fa ))d S , 

where A 8 (s) := A 3 (s) + A 5 (s, r)dr. 

By Gronwall's inequality and Jensen's inequality, we have 

E||Z n + i, m+ i (0)ll 2^ co r^^.^Edi^m^)^ 



Now setting 

g{t) :=limsupE||Z n+1 ' m+1 (0)|| Ft = limsupE||Z n+1 ' m+1 || Ft , 

n,m— »oo n,m— >oo 



(50) 



we then get by fj49]) and Fatou's lemma 

^ c / A 8 (s) ■ p(#(s))ds. 
Jo 

Using Lemma [2.21 yields that 

g(t) = 0. 

Therefore, there is an H-valued continuous adapted process X such that 

lim E\\X n -X\\It = 0. 

It remains to show that X t is a solution in the sense of Definition 15.11 Let X(t) solve 
the following equation (Theorem 13.61) 

X(t) = X + [ A(s,X(s))ds + [ C 1 (s,X s )ds + [ [ C 2 {s,r,X r )drds 
Jo Jo Jo Jo 

ft f* S 

+ / D 1 (s,s,X s )dW(s)+ / / D 2 (s,r,X r )dW r ds. 
Jo Jo Jo 

As in estimating ( J50l) . we can prove that 

E||X." +1 (0) - X(.)\\ 2 n ^ c J\ 8 (s) ■ p(E\\X n - X.(0)\\ 2 n )ds. 

Taking limits and by the dominated convergence theorem, we get 

limE||X" +1 (0)-X(-)|| Fft) = 0. 

n— >oo o 

So, for each t G [0, T] 

X(t) = X(t), a.s.. 
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Moreover, by Theorems 13.61 and 13. 5^ for almost all u,ti—* X(t,u) is continuous in H, and 

l|X(0)||| 2)1 + ||X(0)||f 22 <+oo. 
The uniqueness follows from the similar calculations, and the proof is thus complete. □ 
We now consider the following stochastic Volterra evolution equation: 

X t {0) = X {0)+ [ A{s,X s )ds+ [ C{t,s,X s )ds+ [ D(t,s,X s )dW s , (51) 
Jo Jo Jo 

where Xo is an jF -measurable ¥° s (H)-valued random variable and A = A\ + A 2 , 

Ai : [0, T] x Q x X, -> X*, i = 1, 2, 

C : [0, T] x [0, T] x Q, x W° S (U) -> H, 

D : [0,T] x [0,T] x ft x W° S (U) -> L 2 (U,H) 

are progressively measurable. 

We make the following assumptions: 

(HV1) X G L 2 (n,F ,P-F° s (U)) and (A, 0) satisfies M'(\ ,\ 1 ,\ 2 ,\ 3 ,£,r) 1 ,r ]2 ,q 1 ,q 2 ), 
where A* G L^^T]), % = 0,1,2,3 are non-random strictly positive functions, 

q { ^ 2, and < ^ G 1^(21), i = 1,2, and ^ ^ G L\%). 
(HV2) C{-, s, uj, x) and D(-, s, to, x) are differentiable with respect to the first variable for 
all s, u, x, and there exist a positive real function A 5 satisfying t \— > f A 5 (t, s)ds G 
L 1 ([0,T]) and an increasing concave function p satisfying ([3]) such that for all 
t,s G [0,T], u eQ and x,y e¥° s 

\\d t C{t,s,u,x) - d t C{t,s,uj,y)\\ 2 m ^ A 5 (t, s) ■ p{\\x - y\feo ), 

\\d t D(t, s,u,x) - d t D(t, s,uj,y)\\l 2{VM) ^ A 5 (t, s) • p(\\x - y||§o ). 

(HV3) There exist a positive real function A3 G L 1 ([0,T]) such that for all (s,uj) G 
[0, T] x Vl and x, y G F° 

||(7(s,s,w,a?) - C(s,s, ^ A 3 (s) • p(||a; - 2/|||o), 

||D(s, s, w, x) - £>(s,s, w, l/)||i a(Ul H) < A s(s) ■ p(\\x -y\\lo), 

where p is same as in (HV2). 
(HV4) There exist a positive progressively measurable process A6 and a positive real 
function A 7 satisfying jj [A 7 (t, s) + EA 6 (t, s)] ds s= coA^t), and ^ ( e #(81) 
such that for all t, s G [0,7], w G n and iGFj 

\\C(s,s,uj,x)\\^+ \\D(s,s,u,x)\\ 2 L2ivM) ^ c \l /qi (s) ■ (t(s,u) + \\x\\lo), 

\\d t C(t,s,uj,x)\\ 2 i + \\d t D(t,s,uj,x)\\l 2(VM) ^ X 6 (t,s,uj) + X 7 (t,s) ■ \\x\\p> s , 

where Ai and qi are same as in (HV1). 

Definition 5.3. An M-valued continuous Tt- adapted process X on [— S, T] is called a 
solution of Eq. / f5l]) . if 

E + II^WII^ + ||X(0)||f 22 < +00, 

and ( f37]j holds in X* for all t G [0, T] a.s.. 

Theorem 5.4. Under (HV1)-(HV4), there exists a unique solution to Eq. / T57]) in the 
sense of Definition \5.3[ 
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Proof. Noting that by stochastic Fubini's theorem, we have 



I D(t,s,X s )dW s = [ (D(t,s,X s )-D(s,s,X s ))dW s + f D(s,s,X s )dW s 
Jo Jo Jo 



and 



/ / d r D(r,s,X s )drdW s + [ D(s, s, X s )dW s 

Jo J s Jo 

ft, f s ft 

/ / d s D(s,r,X r )dW r ds+ / D(s, s, X s )dW s 
Jo Jo Jo 



C(t,s,X s )ds = d s C(s,r,X r )drds+ / C{s, s, X s )ds. 



JO JO JO 

Solving Eq.(l5TT) is then equivalent to solving the following equation 

ft ft ft f s 

X t = X + A(s,X s (0))ds+ / C(s,s,X s )ds+ / / d s C(s,r,X r )drds 
Jo Jo Jo Jo 

ft ft l* S 

+ / D(s,s,X s )dW s + / / d s D(s,r,X r )dW r ds. 
Jo Jo Jo 

The result now follows from Theorem 15.21 □ 

6. Applications 

In this section, we discuss two applications, which in particular cover the examples 
given in the introduction. 

6.1. Stochastic Porous Medium Equations. Let O be a bounded open subset of M. d . 
For q ^ 2, let W hq (O) and W~ l >^{0) be the usual Sobolev spaces(cf. HUESJ). 
For q ^ 2, set 

Xi = X 2 = X := L q {0), H := W~ 1,2 (0), X* := (L q {0))*. 
The inner product in EI is given by 

;) H := / {-/X)- l/2 u{x) ■ (-A)~ 1/2 v(x) dx, u,v E M. 
Jo 



Note that —A establishes an isomorphism between W ' (O) and W 1,2 (0). We shall 
identify Wq' 2 (0) with the dual space H* of H, and hence H* = W lt2 (O) C L^(0). 
Thus, we have the evolution triple (cf. 



X C i ~ i* C X* 
where ~ is understood via —A. Moreover, for aGl and d£X* 

[u,v]x= / u(x) ■ (— A)~ 1 v(x)dx. 
Jo 

Let (p be a real measurable function on [0, T] x Q x R satisfying the following assump- 
tions: 

(HP1) For each r e R, (t,u) i— > (p(t,u,r) is a measurable adapted process. 
(HP2) For each (t,u) G [0,T] x^rw ip(t,(j,r) is continuous. 
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(HP3) There exist q ^ 2 and positive functions £,rj,\ G where X(t,u) > for 

dt x dP almost all (t,u) G [0,T] x fi, such that for all {t,uj,r) G [0,T] x Q x R 

r • </?(*, w, r) ^ A(t, uj) ■ \r\ q - f (t, u), 

and 

\<p(t,u,r)\ < A(t,w) ■ M 9 " 1 + 7?^(t,u;) ■ A«(t,w). 
(HP4) For all (t, uj) G [0, T] x Q and r, r' G R 

(r-r')-((p(t,u,r)-(p(t,u,r')) ^ 0. 

Define the evolution operator A as follows: for u G X = L p (0) 

A{t, uj, u) := A.(p(t, uj, u). 

Then A(t, cj, w) G X* and for u, v G X 

[f , cu, = — / u (a;) • op(t, uj, u{x))dx. (52) 

Consider the following stochastic porous medium equation with constant diffusion co- 
efficient and Dirichlet boundary conditions(cf. [291 



du(t) = A((p(t, uj, u{t)))dt + BdW(t), 

u{t,x) = 0, Vx G dO, (53) 
u{0,x) = u (x) G W- x ' 2 {0), 

where B G -^(U, HI). Of course, can be some random cylindrical function or linear 
function in u. For simplicity, we do not discuss this case(see next subsection). 
We now check the above A satisfies (H1)-(H4). 

For (HI), it is direct by (HP2), (HP3) and the dominated convergence theorem. 
For (H2), we have by ([52]) and (HP4) 

[u - v, A(t, uj, u) - A(t, uj, v)] x 

— — (u(x) — v (x)) ■ ((f(t, uj, u(x)) — op(t, uj, v(x))dx ^ 0. 
Jo 

For (H3) and (H4), we have by ([52]) and (HP3) 

[u, A(t,uj,u)]x — — I u(x) ■ <p(t, uj, u{x))dx 

Jo 



^ -\{t,uj) - \\u\\l + £{t,u) • Vol(O), 



and 



1 



\\A(t,uj,u)\\x* = ij\(p(t,w,u(x))\*-idx 

^ \{t,Uj) ■ +7]^(t,Uj) ■ \«(t,0j)-Vol(O). 

Hence, A satisfies (H1)-(H4), and Theorem 13.61 can be used to this situation. In 
particular, Eq. (l53l contains Eq.([T]) as a special case with ip(t,uj,r) = \w t (u>)\ ■ \r\ p ~ 2 r and 
X(t,uj) = \w t {uj)\. 
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6.2. Stochastic Reaction Diffusion Equations. As in the previous subsection, let O 
be a bounded open subset of M d . We denote by I 2 the usual Hilbert space of square 
summable real number sequences. 

We are given three measurable mappings 

--:a: [0,r]xflxOxK^l li 

[o,r]xflxOxi^i 

[O,T]xflx0xK-tl 2 , 
which satisfy that 

(HR1) For each (x,r) 6 0x1, {t,uj) i— > a(t, u,x, r), b(t,uj,x,r) and a(t, u,x,r) are 

measurable adapted processes. 
(HR2) For each (t, uj,x) G [0, T] x Q x O, r \— > a{t,uj,x,r),b{t,uj,x,r) are continuous. 
(HR3) For all [t, uj, x) G [0, T] x Q x O, r, r' G E and j = 1, • • • , d 

(r — r') ■ (aj(t, u, x, r) — a,j(t, uj, t, r')) ^ 0. 

(HR4) There exist q\ ^ 2 and positive functions £1,7/1, Ai G where Ai(£, uj) > 

for dt x dP almost all (t, uj) G [0, T] x fi, such that for all (t, uj, r) G [0, T] x ft x K 
and j = 1, ■ ■ • , d 

r ■ a,j(t, uj, x, r) ^ Ai(t, uj) ■ \r\ 91 — £i(t, uj), 

and 

|aj-(*,o;,x,r)| ^ Ai(i,u;) • \r\ qi ^ + r/* 1 " 1 (t, uj) ■ \?{t,w). 
(HR5) b satisfies (HR3) and (HR4) with different constant q<i ^ 2 and functions 
A 2 , 6,772- 

(HR6) There exist positive functions Ao, A3, £3 G such that for all (i, u;, 2) G [0, T] x 

fixOandr.r'el 



|a(t,^,x,r)||f 2 < X 3 (t,uj) ■ \r\ 2 + £ 3 (t,w) 



and 



\a(t,oj,x,r) — a(t,0L>,x,r')\\i2 ^ Xa(t,uj) ■ \r — r 



J\2 



dt 



(54) 



where for some c a > 0, 

^ X (t,oj) < c a ■ (Ai(t,w) A A 2 (t,w)), 
and ([7j) holds, Ai and A2 are from (HR4) and (HR5). 
We consider the following stochastic reaction diffusion equation with Dirichlet boundary 
conditions: 

du(t, x) = Yli=i 9%ai(t, uj, x, diu{t, x)) — b(t, uj, x, u(t, x)) 

u(t,x) = 0, WxedO, 
{ u{0,x) = u {x) eL 2 (0), 

where Wj(t) = (W(t),£j) v and {£j,j G N} is an orthogonal basis of U. 
Let 

Xi := Wl m {0), X 2 :=L q2 (0), M := L 2 (0) 

and 

X*:=V^ 1 ~(C), X* 2 := L~(0). 
If we identify HI* with H, then 

Xi C H ~ H* C X*, X 2 CE~M*CX; 
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are two evolution triples. 
Now define for u, v G Xi 

d „ 

[v, Ai(t,o;,^)]x 1 :=~y"l / a;, x, ^(x)) • (x)dx (55) 

i=i Jo 

and for w, t> G X 2 

[f , A 2 (t, u;, m)]x 2 := — / x, • v(x)dx. (56) 

Jo 

Clearly, for each (t, uj) G [0, T]xQ and mgXi, [•, Ai(t, uj, m)]x 1 G X* and for each u G X 2 , 
[-,A 2 (t,uj,u)] X2 G X£. Thus, " 

A,(t, uj, •) : Xx -> XJ, A 2 (t, u;, •) : X 2 -> X£. 

Moreover, we also define for u G H = L 2 (0) 

oo 

B(t, uj, u) := Vjit, w > • tj e £ 2 (U, H). 

We now check the above A and i? satisfy (H1)-(H4). 

For (HI), it is direct by (HR2), (HR4), (HR5) and the dominated convergence 
theorem. 

For (H2), we have by (HR3), (HR5) and (HR6) 

2[u-v,A(t,u,u) - A(t,uj,v)] x + \\B(t,uj,u) - B(t,u,v)\\ 2 L2{VM) 

d „ 

= — 2 / (ai(t,u,x,diu(x)) — <2i(t,uj,x,div(x))) ■ di(u(x) — v(x))dx 

b(t, uj, x, u(x)) — b(t, uj, x, v(x)) S j ■ (u(x) — v(x))dx 

+ / y Wj(t, uj, x, u(x)) — o~j(t, uj, x, v(x))\ 2 dx 
Jo j i 

«C + + A (t,w) • ||w-u|||- 
For (H3), we have by (HR4)-(HR6) 

2[u, A(t, uj, u)] x + \\B(t, uj, u) ||i a(U)H ) 

d „ 

= —2 y. I a i(t, uj, x, diu(x)) ■ diu{x)dx 

—2 / b(t, uj, x, u(x)) • u(x)dx + / \\cr(t, uj, x, u(x))\\ 2 2 dx 
Jo Jo 

^ -2dAi(*,w) / y2\d iU (x)\ qi dx + d-^(t,uj) ■ Vol(C) 
Jo f 

-2A 2 (*,w) / \u(x)\ q2 dx + &(t,uj) • Vol(C) 

+A 3 (t,cu) / K£)| 2 dx + £ 3 (^) -Vol(O) 
^ -c Ai(t, w) • \\u\\%. + A 3 (t, w) • ||u|h + f(t, w), 



oo 



i=l,2 
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where Co > only depends on qx, d, and £ := Vol(O) ■ (d ■ £1 + £2 + £3)- 
For (H4), we have by $23) and (HR4) 



||A(t,u;,«)||xi ^ c 5i'5^(/ |ai(^w,^,^M(^))h 1_1 da;^ 



91-1 

91 



and by (p} and (HR5) 

( 92-1 
f 92 \ 92 

j^\b(t,uj,x,u(x))\^dx) 

92 1 

*C X 1 (t,cu) ■ \\uWg- 1 + V r 1 (t^) ■ \?(t,u)-Vo\(0), 

Hence, (A, B) satisfies (H1)-(H4). Thus, we may use Theorem 13.61 to Eq. fl54|) . In 
particular, Eq.(T2]) is a special case of Eq. (l54l) . In fact, we may take 

di(t, (J, x, r) 
b(t, lu, x, r) 
ai(t,uj,x,r) 



\w t (oj)\ • r, i = 1, • • • ,d, 
\wt(oj)\ ■ |r| p_2 r, 



: y/\ Wt (uj)\ ■ r, <7i = 0, i = 2, • • • . 

Then \ (t,u) = Xi(t,u>) = \ 2 (t,u) = \w t (uj)\ and rji = £j = 0, i = 1,2, j = 1,2,3. 
Moreover, it is clear that ([7]) holds in this case. 
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